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MOTIVATIONS —

@ numerical simulations of real-life large scale fluid flows in dimension
d=1,2,3

- .

(a) Monster waves (Nazare) (b) Wave-breaking (Nazare)

(c¢) Tsunami (Japan) (d) tsunami (Brazil)
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MOTIVATIONS -

@ numerical simulations of real-life large scale fluid flows in dimension
d=1,2,3
e Simulating fluids in large-scale — high memory and computer requirements.

> how to compute fast and accurate : — meshing or moving the mesh only in
"desired” regions with a suitable mesh refinement criterion
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@ numerical simulations of real-life large scale fluid flows in dimension
d=1,2,3
@ Simulating fluids in large-scale — high memory and computer requirements.

@ Mathematical motivations : introducing new tool for numerical purpose !

M. Ersoy (IMATH) AMR



OUTLINE OF THE TALK

@ ADAPTIVE MESH REFINEMENT METHOD
o Generality
o An example

9 AUTOMATIC MESH REFINEMENT THRESHOLD

© NUMERICAL SIMULATIONS
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@ ADAPTIVE MESH REFINEMENT METHOD
o Generality

9 AUTOMATIC MESH REFINEMENT THRESHOLD
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We focus on general non linear hyperbolic conservation laws

{ 8—w+ag(;v)=0, (t,x) eRT xR

ot
w(0,2) = wo(z), z € R

weR? : vector state,
f . flux governing the physical description of the flow.
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HYPERBOLIC EQUATIONS AND ENTROPY INEQUALI’E_>

We focus on general non linear hyperbolic conservation laws

{ 8_w+3j(;(w) =0, (t,z) ER* xR

ot x
w(0,z) = wo(x), z € R

Weak solutions satisfy

= 0 for smooth solution
0 1o}
+ v(w) = 0 across rarefaction
< 0 across shock

where (s, 1)) stands for a convex entropy-entropy flux pair :

(Vip(w))" = (Vs(w))" Dy f(w)
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HYPERBOLIC EQUATIONS AND ENTROPY INEQUALI’_

We focus on general non linear hyperbolic conservation laws

ow  9FW) _ (12) eR* xR
x

w(0,z) = wo(x), z € R

Weak solutions satisfy

ds(w)  (w) = 0 for smooth solgtlon
S= ot + o ) 0  across rarefaction
v < 0 across shock

where (s, 1)) stands for a convex entropy-entropy flux pair :

(Vip(w))" = (Vs(w))" Dy f(w)

Entropy inequality ~ “smoothness indicator”

@ Croisille J.-P., Contribution & I'Etude Théorique et  I'Approximation par Eléments Finis du Systéme Hyperbolique de la Dynamique des Gaz

Multidimensionnelle et Multiespéces, PhD thesis, Université de Paris VI, 1991
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HYPERBOLIC EQUATIONS AND ENTROPY INEQUALITY

We focus on general non linear hyperbolic conservation laws
6’!1) . + d
wn +div(f(w)) =0, (t,z) e R™ xR
w(0,2) = wo(z), v € R?

Weak solutions satisfy

0 for smooth solution
+div(yp(w)) < = 0 across rarefaction
< 0 across shock

9s(w)

5= ot

where (s, 1) stands for a convex entropy-entropy flux pair :

(Vihi(w)" = (Vs(w))" Dy fi(w), i=1,....d

Entropy inequality ~ “smoothness indicator”

ﬁ Croisille J.-P., Contribution 4 I'Etude Théorique et 3 I'Approximation par Eléments Finis du Systéme Hyperbolique de la Dynamique des Gaz

Multidimensionnelle et Multiespéces, PhD thesis, Université de Paris VI, 1991
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FINITE VOLUME APPROXIMATION

|C| =

Tge— 1/2 Tk :Ek+1/2

A
A\

FIGURE: a cell C
Finite volume approximation :
ot
+1 _ n
wy" = wy — e (FI?+1/2 - FI?—1/2)
k
with

1 . 1
wy ~ e /Ok w (tn, ) do and B,y & 5 /Ck Ftw(t, zpq1/2)) dx
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FINITE VOLUME APPROXIMATION ,-,

‘ , |Ck| =

Th— 1/2 Tk :Ek+1/2

A
A\

FIGURE: a cell Cy

Finite volume approximation :

k+1 Wy, — T (Fk+1/2 - Fk—1/2)

with
n L d d F ~ 1 d
wy ~ h_k w (t,,z) dz an k12~ 5 . ft,w(t, vpq1/2)) do
The numerical density of entropy production :
gn SZH sy n wl::L—i-l/Q - 1/’1?—1/2 <0
k Oty hy, =
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FINITE VOLUME APPROXIMATION

lel

Tge— 1/2 Tk :Ek+1/2

A

FIGURE: a cell Cy

Finite volume approximation :

\

Ot |C|
w't = wl — Fwl, wlnga) |, ht=e—-——
e (Z b | = a0

with

1
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FINITE VOLUME APPROXIMATION

|Ck| = hi
Tk— 1/2 Tk Ik+1/2
FI1GURE: a cell Ci
Finite volume approximation :
5t |C|
wit = wl — F(wp, wling.) |, ==
: Z vk 34 10Cs/a]
with
1 1
wp ~ — w (ty,x) de, and F(wy,wg;n,,) ~ E/ac ft,w) - ny, ds
k

D
The numerical density of entropy production :
S B v(wpwging,)

oty hy
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MESH REFINEMENT INDIC

o Compute wy
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o Compute wy
o Compute S} : S; # 0 = the cell is refined or coarsened
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MESH REFINEMENT INDICATOR : PRINC.

e Compute wy

o Compute S} : S # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 n
> Sp > aS = the cell is refined with, for instance, S = @/ Sk
Q

1
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MESH REFINEMENT INDICATOR : PRINCIPLE _

e Compute wy

o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «
- . . . . —= 1 n
» S > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened
1.5

1
0.012 —S(a) 1
— —aS witha=2
14 =001 i
=
—~13 B 0.008
P || 0.006
“50.004 N
L1 @ .00
0.002 v l
1 0
0 2 1 6 8 10 0 2 1 6 8
T T
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLM

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 n
» S > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened
» Dynamic mesh refinement :

* Dyadic tree (1D)
* hierarchical numbering : basis 2

Chy

Clrgy Crar

Chow Clroos Crar
/.\

Chooo Crooro T Choos [
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 "
» S > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened
» Dynamic mesh refinement :
* Non-structured grid : macro-cell
* Dyadic tree (1D), Quadtree (2D)
* hierarchical numbering : basis 2,4

10 11

120(121

122(123 13

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 6 /22



MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

B - . - ) _ 1 n
» S > aS = the cell is refined with, for instance, S = @/ &
Q

» S < aS = the cell is coarsened

» Dynamic mesh refinement :
* Non-structured grid : macro-cell
* Dyadic tree (1D), Quadtree (2D), Octree (3D)
* hierarchical numbering : basis 2,4,8

z

v‘é_x

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 6 /22



MESH REFINEMENT INDICATOR : PRIN-

e Compute wy

o Compute S} : S # 0 = the cell is refined or coarsened

@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 n
» Sp > aS = the cell is refined with, for instance, S = @/ SL
Q

> S < aS = the cell is coarsened

M. Ersoy (IMATH)
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLU%

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 "
» S > aS = the cell is refined with, for instance, S = @/ Sk
Q

» Sp < oS = the cell is coarsened

Ch,
Fi—1/2 Fryr1/2
- n V412
Why
y A
Wi o=wWp k1 k.
Fro12=Fi, 12 ko ko Frpr12=Fr12
s Frpr1/2 = Fryo1/2 a
w0 = f(w}) "
C
- Wy Wy _
Fr,—172=Fry-1/2 wp = ﬂw;u Fror172 = Fry 12
b
. wn
h "
Fiyp-1/2 - Fryt1/2
Fy, o Fp, _
Conn koo+1/2 Fryi—1/2 @
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION
e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

— . . . . — 1 n
» Si > aS = the cell is refined with, for instance, S = @/ SL
Q

» S < aS = the cell is coarsened

» A simple projection method but the scheme is locally non consistent
[S088, TWO05]

@ Shu C. W., Osher S., Efficient implementation of essentially nonoscillatory shock-capturing schemes. J. Comput. Phys., 77(2) :439-471,
1988

@ Tang H., Warnecke G., A class of high resolution difference schemes for nonlinear Hamilton-Jacobi equations with varying time and space
grids. SIAM J. Sci. Comput., 26(4) :1415-1431, 2005.
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «
- . . . . —= 1 "
» Si > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened

> A simple projection method but the scheme is locally non consistent
[S088, TWO05]

* less time time consuming than other methods

ﬁ Shu C. W., Osher S., Efficient implementation of essentially nonoscillatory shock-capturing schemes. J. Comput. Phys., 77(2) :439-471,
1988.

Tang H., Warnecke G., A class of high resolution difference schemes for li Hamilton-Jacobi i with varying time and space

grids. SIAM J. Sci. Comput., 26(4) :1415-1431, 2005.
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

— . . . . — 1 "
» Si > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened

> A simple projection method but the scheme is locally non consistent
[S088, TWO05]

* less time time consuming than other methods
* non consistency is almost negligible if the level of adjacent cells is limited by 2

Shu C. W., Osher S., Efficient implementation of essentially nonoscillatory shock-capturing schemes. J. Comput. Phys., 77(2) :439-471,
1988.

Tang H., Warnecke G., A class of high resolution difference schemes for F il Jacobi i with varying time and space
grids. SIAM J. Sci. Comput., 26(4) :1415-1431, 2005.

B M. Ersoy, F. Golay, L. Yushchenko. Adaptive multi-scale scheme based on numerical entropy production for conservation laws. CEJM,
Central European Journal of Mathematics, 11(8), pp 1392-1415, 2013.

F. Golay, M. Ersoy, L. Yuschenko, D. Sous. Block-based adaptive mesh refinement scheme using numerical density of entropy production

for three-dimensional two-fluid flows. International Journal of Computational Fluid Dynamics, Taylor & Francis, 2015.
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1 "
» S > aS = the cell is refined with, for instance, S = @/ Sk
Q

» S < aS = the cell is coarsened

> A simple projection method but the scheme is locally non consistent
[S088, TWO05]

* less time time consuming than other methods
* non consistency is almost negligible if the level of adjacent cells is limited by 2

» Improvement (cpu-time) : local time stepping [EGY13]

Shu C. W., Osher S., Efficient implementation of essentially nonoscillatory shock-capturing schemes. J. Comput. Phys., 77(2) :439-471,
1988.

Tang H., Warnecke G., A class of high resolution difference schemes for nonlinear Hamilton-Jacobi equations with varying time and space
grids. SIAM J. Sci. Comput., 26(4) :1415-1431, 2005.

M. Ersoy, F. Golay, L. Yushchenko. Adaptive multi-scale scheme based on numerical entropy production for conservation laws. CEJM,
Central European Journal of Mathematics, 11(8), pp 1392-1415, 2013.

) @ & =)

F. Golay, M. Ersoy, L. Yuschenko, D. Sous. Block-based adaptive mesh refinement scheme using numerical density of entropy production

for three-dimensional two-fluid flows. International Journal of Computational Fluid Dynamics, Taylor & Francis, 2015.
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MESH REFINEMENT INDICATOR : PRINCIPLE & ILLUSTRATION

e Compute wy
o Compute S}; : Sy # 0 = the cell is refined or coarsened
@ More precisely : for a given mesh refinement threshold «

- . . . . — 1

» S > aS = the cell is refined with, for instance, S = @/ Sy
B Q

» S < oS = the cell is coarsened

> A simple projection method but the scheme is locally non consistent
[S088, TWO05]
* less time time consuming than other methods
* non consistency is almost negligible if the level of adjacent cells is limited by 2

Improvement (cpu-time) : local time stepping [EGY13]
2D-3D computer management : BB-AMR [GEYS]

Shu C. W., Osher S., Efficient implementation of essentially nonoscillatory shock-capturing schemes. J. Comput. Phys., 77(2) :439-471,
1988.

Tang H., Warnecke G., A class of high resolution difference schemes for F il Jacobi i with varying time and space
grids. SIAM J. Sci. Comput., 26(4) :1415-1431, 2005.

M. Ersoy, F. Golay, L. Yushchenko. Adaptive multi-scale scheme based on numerical entropy production for conservation laws. CEJM,
Central European Journal of Mathematics, 11(8), pp 1392-1415, 2013.

) @ & =)

F. Golay, M. Ersoy, L. Yuschenko, D. Sous. Block-based adaptive mesh refinement scheme using numerical density of entropy production

for three-dimensional two-fluid flows. International Journal of Computational Fluid Dynamics, Taylor & Francis, 2015.
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OUTLINE

@ ADAPTIVE MESH REFINEMENT METHOD

o An example

9 AUTOMATIC MESH REFINEMENT THRESHOLD

© NUMERICAL SIMULATIONS
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AN EXAMPLE : THE ONE-DIMENSIONAL GAS DYNAM‘OR IDEAL GAS

p(t, ) density
% + 9pu -0 u(t, x) velocity
ot ) Ox p(t, x) pressure
opu 9 (pu® +p) _ =1 ratio of the specific heats
— +———2 =0 where
ot ox E(e,u total energy
OpE N d(pE+p)u 0 € internal specific energy
ot gr 5 u?
e+ —
p=(y—1)pe 2
Intel(R) Core(TM) i5-2500 CPU @ 3.30GHz
R T DT (U e o



AN EXAMPLE : THE ONE-DIMENSIONAL GAS DYNAMICS EQUATIONS FOR IDEAL GAS

p(t, ) density
% + 9pu -0 u(t, x) velocity
ot Ox p(t, x) pressure
dpu n 9 (pu® + p) —0 where ~v:=14 : ratio of the specific heats
ot Oz E(e,u) . total energy
OpE N d(pE+p)u 0 € : internal specific energy
ot or g ¥
p=(y—1)pe 2

o Conservative variables
t
w = (p, pu, pE)
@ convex continuous entropy

s(w) = —pln <;> of flux ¥ (w) = u s(w) .

Intel(R) Core(TM) i5-2500 CPU @ 3.30GHz
M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 8 /22



SOD’S SHOCK TUBE PROBLEM Em——

Mesh coarsening parameter « . 0. 001
Mesh refinement parameter S T ZSkb
CFL : 0.25,
Simulation time (s) ;o 04,

Initial number of cells : 200,

Maximum level of mesh refinement : L.y .

T= 0000 T= 0000

1 6 12 6
ey
ooy orotuc oot rtresy proaucton 5
Refnement evel & Numoet of cels f— B 5
08 4
1 s
06 3
04 2
o8 4
02 1
0
25 o o5 3
06 - 3
T cowo
12 6
e
e s
1 i s
o |- 2
08 4
0s 3
2 1
o 0a 2
02 1
0 0
T os B o5 < o os 3

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 9 /22



ACCURACY

12 - 14 5 01
ponadaptivemeshwithL o = 4 — level
pon uniform fixed mesh N = 681 125 458" - 5
i Py | — 8 I-Ped 0088
S 1B 4 B
5 3 5
08 088 235 .
7 5 2 H
z 065 & 3 5
o 06 2 % >
042 525 004z
2 ¢ S
04 023 2 8
0.02
£ £
02 0 = 15 4
-1 -05 0 05 170»2 1-1 05 0 05 1 0
x X

(a) Density and numerical density of en- (b) Mesh refinement level, numerical
tropy production. density of entropy production and local
error.

FIGURE: Sod'’s shock tube problem : solution at time ¢ = 0.4 s using the AB1M scheme
on a dynamic grid with Ly,ax = 5 and the AB1 scheme on a uniform fixed grid of 681
cells.
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PROPERTIES OF S : SHOCK CRITERION TYPE

THEOREM ([P04])

Consider a pth convergent scheme. Let Si be the corresponding numerical

density of entropy production and At = Ah be a fixed time step where h
stands for the meshsize.
Then
O(At?) if the solution is smooth,
i no— 1
nh~>n;o S (@) (At) if the solution is discontinuous.

ﬁ Puppo G., Numerical entropy production for central schemes. SIAM J. Sci. Comput., 25(4) :1382-1415, 2004
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PROPERTIES OF S : SHOCK CRITERION TYPE

THEOREM ([P04])

Consider a pth

density of entropy production and At = Ah be a fixed time step where h
stands for the meshsize.

Then
O(AtP) if the solution is smooth,
nlggo S = 0] (Kt) if the solution is discontinuous.
PROPERTIES

Consider a monotone scheme. Then, for almost every k, every n, S}’ < 0.

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry
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PROPERTIES OF S : SHOCK CRITERION TYPE

THEOREM ([P04])

Consider a pth convergent scheme. Let Si be the corresponding numerical

density of entropy production and At = Ah be a fixed time step where h
stands for the meshsize.

Then
O(AtP) if the solution is smooth,
nlggo S = 0] (Kt) if the solution is discontinuous.
PROPERTIES

Consider a monotone scheme. Then, for almost every k, every n, S} < 0.

Thus, even if locally S}’ can take positive value, one has S;' < CAt?, ¢>=p.
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OUTLINE

ONLTTUE

Generality
o An example

0 AUTOMATIC MESH REFINEMENT THRESHOLD
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MESH REFINEMENT THRESHOLD

T= oo
12 6
Debslty —— ity
Entropy production. —— Ertrcoy production
Refinsment lsvel & Nambsr of cale 500 —— 1 5
08 4
1 s
06 3
04 2
o8 4
0z 1
o 0
] 05 o o5 1
08 3
T= 0000
12 6
e
Entrooy production
N oy s
e 2
08 4
06 3
B 1
04 2
0z 1
o 0 o 0
1 s o o5 1 h o o o. 1

Mesh refinement criterion S’ and the mesh refinement threshold «

- - 1
o S;' > oS = the cell is refined with S = @/ Sk
Q

o S;' < aS = the cell is coarsened

M. Ersoy (IMATH) AMR



Mesh refinement criterion S}, and the m

- - 1
e S; > a8 = the cell is refined with S = @/ Sk
Q

o S}' < aS = the cell is coarsened

@ how to set « suitably ?

M. Ersoy (IMATH) AMR



MESH REFINEMENT THRESHOLD T —
Mesh refinement criterion S7 and the mesh refinement threshold o

- -1
o S; > oS = the cell is refined with S = @/ Sk
Q

o S}' < aS = the cell is coarsened

@ how to set « suitably ? ideally

» automatically
» accuracy and computational time are “well-balanced”

* catch the smallest maxima but not the smallest

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 12 /22



MESH REFINEMENT THRESHOLD -
Mesh refinement criterion S7 and the mesh refinement threshold o

- -1
o S; > oS = the cell is refined with S = @/ Sk
Q

o S}' < aS = the cell is coarsened

@ how to set « suitably 7 ideally

» automatically
» accuracy and computational time are “well-balanced”

* catch the smallest maxima but not the smallest
* simple method ("low-cost”)
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REVIEW OF CLASSICAL METHODS -

@ Mean method or deviation
1
S(x,t) > a—/ S(x,t) dz
€2 Jo
where « is a tunable dimensionless threshold parameter or deviation method
1
S(z,t) > aﬁ/ S(z,t) de+ Bo(z,t)
Q

where o is the standard deviation with 3 is a tunable dimensionless threshold
parameter

Kallinderis, Y.G., Baron, J.R. : Adaptation methods for a new navier-stokes algorithm. AIAA journal 27(1), 37-43 (1989)

Ersoy, M., Golay, F., Yushchenko, L. : Adaptive multiscale scheme based on numerical density of entropy production for conservation laws. Cent.

Eur. J. Math. 11(8), 1392-1415 (2013).
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REVIEW OF CLASSICAL METHODS -

@ Mean method or deviation — pb : set a or (v, 3)
e Filtering : two-steps

3
2.5
2
15 0.2
1
0.1
0.5
0 \ ./ 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x T

(a) Filtering (mean me- (b) Filtering (mean me-
thod) : first step thod) : second step

Aftosmis, M. : Upwind method for simulation of viscous flow on adaptively refined meshes. AIAA journal 32(2), 268-277 (1994)

Warren, G.P., Anderson,W.K., Thomas, J.L., Krist, S.L. : Grid convergence for adaptive methods. AIAA paper 1592, 1991 (1991)
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REVIEW OF CLASSICAL METHODS

@ Mean method or deviation — pb : set « or («, )
o Filtering : two-steps — pb : two-step 7 Is it enough 7 still to set «
o Filtering : wavelets

20
15
= 2
S -
@
5
0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T r
(c) S (d) Wavelet  coefficients
(z = space, y = scale)
FIGUR,E: Illustration of the wavelet transformation for a given mesh refinement criterion computed with the Daubechies wavelet with four

vanishing moments (warm colors correspond to large coefficients and cold colors to small coefficients)

@ Leonard, S., Terracol, M., Sagaut, P. : A wavelet-based adaptive mesh refinement criterion for large-eddy simulation. Journal of Turbulence 7(64)
(2006)
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REVIEW OF CLASSICAL METHODS

@ Mean method or deviation — pb : set « or («, )

Filtering : two-steps — pb : two-step ? Is it enough 7 still to set «
Filtering : wavelets— pb : efficient but the cost! still to set «

@ Local maxima— pb : efficient but the cost! still to set «

000 e erion — ! MFlagged zone=

00008 08

0.0006 206

2 g

0.0004 B4
=

0.0002 02

5 10 13 0 ] g 5 10 15 20 25
X (m) X (m)
(a) S (b) Region to be refined
FIGUR,EZ lllustration of the local maxima method for a mesh refinement criterion involving multiple scales
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@ Assumptions and notations
> S is smooth and has p local maxima.
» S(0)=8(L)=S5(0)=5(L)=0

> 0< Soo = max S(z) < oo
xze€(0,L)

M. Ersoy (IMATH)



DISTRIBUTION FUNCTION (L-MEAS _

@ Assumptions and notations
> S is smooth and has p local maxima.
» S(0)=S(L)=S5(0)=S8(L)=0
> 0< Soo = max S(z) < oo

x€(0,L)
@ Then
, Za = {z€(0,L); pa(z) = S(x) —a=0and S'(x) £ 0} #0
= {zo(a) <mi(a) <--- < @ap,—2(a) < @2p,—1()}
> #Zot - 2pa
:
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DISTRIBUTION FUNCTION (L-MEAS {S_

@ Assumptions and notations
> S is smooth and has p local maxima.
» S(0)=8(L)=S5(0)=5(L)=0
> 0< Soo = max S(z) < oo

z€(0,L)
@ Then
Za = {2€(0,L); ¢alw)=S()—a=0and 5'(z) £ 0} £ 0
>
= A{zo(a) <zi(e) <+ < @ap,—2(@) < Tap,-1(a)}
> H#Z0 = 2pa
> there exist sequence (1), .,
"
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DISTRIBUTION FUNCTION (L-MEAS {S(z-

@ Assumptions and notations
» S is smooth and has p local maxima.
» S(0) =S(L)=5(0)=S"(L)=0
» 0<Se = max S(z) < o0

z€(0,L)
@ Then
, Za = {z€(0,L); pa(x) =S5(x) —a=0and S'(x) #0} #0
= Azo(a) <zi(a) < <@op,—2(a) < T2pa-1(a)}
> #Zot = 2pa

> there exist sequences (z1),,, and (a;),, ., such that
* Vk=1,...,p
* S(z}) = aj and S'(2}) =0, S”(z}) <0
* zy & Zo andoz;;:Soo

S(@)

M. Ersoy (IMATH) AMR



DISTRIBUTION FUNCTION (L-MEAS {S(-‘

@ Assumptions and notations
> S is smooth and has p local maxima.
» S(0)=8(L)=S5(0)=5(L)=0

> 0< Soo = max S(z) < oo
z€(0,L)

o With these settings, we define the distribution d

1 if a=0,
1 P
a€[0,5] — d(a):= 7 Zx2k+1(a) —zop(a) if 0<a< Sy,
k=1
0 if a=S..

M. Ersoy (IMATH) AMR



PROPERTIES OF d AND apr THRESHOLD

PROPERTIES
Soo
(1] / a)da = /
Q dc C°[0,5.],R") and d’ satisfies
@ Va € [0, 5], d'(a) <
—oo with the convention oy := 0

@ Vk € [0,p], hm d (a ):
p—1

@ d e C'(D,,R") on the set D* := | | (af, 1) -
k=0

5 !
o
08 1
p=3 07
05 -2
s 04
6 /\ - 03
5 , o
1 02
0
5
a 0 5 10 15 20
- - - = - ) 5 0 B )
: ai «

2017, 17 February, LAMA — Chambéry
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o Hard to define «v using only d

25 i
20 08
—~15 0.6
2 =
RSBt = 04
N 02 &
0 2 1 6 s 10 0 5 10 15 20
T «

M. Ersoy (IMATH)



AUTOMATIC THRESHOLDING : DIST-

e Hard to define « using only d
@ However, one can set a=ap or

. . /
> either o« = ap = min{a | d'(a) = -1}
25 1
20 0.8
15 06
O S
@y 04
5 M¥
0 2 4 6 8 10 nU 5 10 15 20
x «

Dannenhoffer, J.F. : Grid adaptation for complex two-dimensional transonic flows. Ph.D. thesis, Massachusetts Institute of Ts.
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AUTOMATIC THRESHOLDING : DIST_

e Hard to define « using only d
@ However, one can set a=ap or « = ap

> either o = ap = min{a | d’(a) = 0}

2 1
20 0.8
15 06
3 s
LSBT = 04
5 0.2
0 2 1 [3 s 10 0 5 10 15 20
T a
0 20
1 15
10
—-2 —_
2 ol
=3 =
0
. \ W
5 10
0 5 10 15 2 5 10 15 20
@ @

Powell, K.G., Murman, E.M. : An embedded mesh procedure for leading-edge vortex flows. In : NASA, Langley Research Center, Transonic

Symposium : Theory, Application, and Experiment, vol. 1 (1989) -

M. Ersoy (IMATH) AMR




AUTOMATIC THRESHOLDING : DISTRIBUTION FUNCTION (L-MEAS {S(z) > a})

e Hard to define « using only d

@ However, one can set a=ap or @« = ap

M-1
o In practice, d is defined by d(a) = > d; (4, .a,.,) () with
j=0

8
dj = #{k; Si > oy} and (a;)ogi<m = | Sm (M) p

—d(a) uniform grid
~ -d(a) non uniform grid
0.8
06
3
S
= 04
15 —d'(a) uniform grid
02 —--filtered d'(a) uniform grid
. -filtered d'(a) non uniform grid
0 -21
0 5 10 15 20 0 5 10 15 20
« @

@ Dannenhoffer, J.F. : Grid adaptation for complex two-dimensional transonic flows. Ph.D. thesis, M

M. Ersoy (IMATH)

2017, 17 February, LAMA — Chambéry
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e Hard to define « using only d
@ However, one can set a=ap or o = ap
@ « is usually too small (too sensitive to 3) !l — detects small fluctuations

M. Ersoy



AUTOMATIC THRESHOLDING : DISTRIBUTQ

e Hard to define « using only d

@ However, one can set a=ap or « = ap

e « is usually too small (too sensitive to 5)!!! — detects small fluctuations
@ We propose to set

a = app =min{a € [0, 5] | max{ad(a)}}

1 05

08 0.4
06 03
s g
04 =02

02 ¥ 0.1

0
[ 5 10 15 20 0 5 10 15 20
@ @

Pons, K., Ersoy, M. Adaptive mesh refinement method. Part 1 : Automatic thresholding based on a distribution function

Pons, K., Ersoy, M. Adaptive mesh refinement method. Part 2 : Application to tsunamis propagation

M. Ersoy (IMATH) AMR



WHY ad(a) ?
PROPERTIES
Assume that S is twice differentiable and has p local maxima. Then, there exists
Vk=0...p—1, of’i; € (o, ajy,) such that d"(a;’,) =0
and the function f has p local maxima @, ..., such that
Vk=1...p, @) € (o, o) .

As a consequence app > ap > ap.

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 17 / 22



ILLUSTRATION : apr THRESHOLD FOR “r.

0.12 10
—S(z)
L —app, = 0.83974
01 8F .8, = 2.4353
0.08}
— -~ 6r
S 0.06 B
g ©n oyl
0.04}
0.02| 2
TN
0 ‘ 0 N
0 0.5 1 15 2 0 1 2 3 4 5
« T
(a) f(a) (b) S(2)

F1cURE: The function f for the mesh refinement criterion
S(x) = 200 exp(—1000(z — 1.25)%) + 1.25 exp(—5(x — 3.75)°) representing a shock type
solution

M. Ersoy (IMATH) AMR



ILLUSTRATION : apz THRESHOLD FOR-

10
0.14F _—
0.12} —app = 0.41316
8F .8, = 0.42152
0.1}
008+ = S
O ©
= 0.06 ©n oyl
0.04}
0.02 °r
0 . . . . 0 : — . ~—
0 0.1 0.2 0.3 0.4 0 1 2 3 4 5
T
(a) f(a) (b) S(2)

F1cURE: The function f for the mesh refinement criterion
S(z) = 2exp(—10(z — 1.25)%) + 1.25 exp(—5(x — 3.75)%) representing a smooth flow

M. Ersoy (IMATH) AMR



OUTLINE .
ONLTIUME

o Generality
@ An example

© NUMERICAL SIMULATIONS

M. Ersoy (IMATH)



NUMERICAL VALIDATION[PE]
A Dam-break problem for the Saint-Venan : .

Oy (hu) + 9, (hu® + gh®/2) = —ghZ'(z)

h(t,x) density

where u(t, x) veloqty of the water column
g :  gravity strength
Z . topography

Kévin Pons, Mehmet Ersoy. Adaptive mesh refinement method. Part 1 : Automatic thresholding based on a distribution function

M. Ersoy (IMATH) AMR



NUMERICAL VALIDATION|[PE]

h(t,%) on adaptive mesh with I, ”*- 3 —

hey(
h(t;x) on adaptive mesh with 1,,,,
S with o= 0.01265 and N 2 714 - .7 with o= 0.05296 and N, = 667
Refindd zones Refind zones
6 3 6 00
54 N\ © S B4 w3
2 ] § 3 ]
T3 s g S3 m 2
z2 H T B B2 g
: Y-
1 H 05 g 1 0 ﬁ
A . o L o
10 20 40 60 70 0 10 20 30 40 60 70 0
x (m) x (m)
(a) A priori error (b) Numerical density of entropy
production
g e
h(t ) on adaptive mesh with e h(i,x) on adaptive mesh with lm
with o= 1.26 693 ““““ . with = 0.05669 and N, =691 -
RN zones efindl zones
6 6 .
5 “wE s -
w 3 52
EN w2 B =
L o s 151
T3 w £ 3 « g
] g I ]
S “% 22 'E
- -
1 ws ! I
120 30 50080 10720 30 40 5070 80

(c) A posteriori error

40
x (m)

x (m)

(d) Gradient of h

FI1GURE: Numerical results for the water height at time ¢t =2s

M. Ersoy (IMATH)

AMR
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NUMERICAL VALIDATION[PE]

O m—

O m—

Sm_ Sm_
0016 7
0.014 6
0012 5
0.01
= ,-\4
Poos s,
0.006
2
0.004 2
0.002 ! L
0
12 14 16 18 2 02 04 06 08 I 12 14 16 I8
t

02 04 06 08 1
t

(a) A priori error

2

(b) Numerical density of entropy

production
o — o —
Sm_ Sm_
18 0.065
16 0.06
14 oossff
212 F Zo0s
1 0.045
0.8 0.04
00507 07 06 o8 T 12 14 16 13 2 0005207 05 o5 T 12 14 16 1%
t t

(c) A posteriori error

(d) Gradient of h

2

FI1GURE: Time evolution of the threshold parameter and the mean value S,,
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TEST CASE I : SOLITARY WAVE PRO

e CRCCICEECICE R
« © YO T SN D
2 S TRA S S SEs S
& 8 BSIEIFE= e==
s Zim=
- S mnoeresd 3923
% Y BLEERT e DU D
= E B EBEEBEEEE B BEE B
H rigid wall
2.36 m
water dept
B9m | 2Bm 2w55m |
r=0m r=83.7Tm

104 m

FI1GURE: Experimental settings and wave gauges locations

Kévin Pons, Mehmet Ersoy, Frédéric Golay, Richard Marcer. Adaptive mesh refinement method. Part 2 : Application to tsunamis propagation

Roeber, V., Cheung, K.F. : Boussinesq-type model for energetic breaking waves in fringing reef environments. Coastal Engineering 70, 1-20 (2012)

Roeber, V., Cheung, K.F., Kobayashi, M.H. : Shock-capturing boussinesg-type model for nearshore wave processes. Coastal Engineering 57(4),
M. Ersoy (IMATH)




TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

Adaptive mesh simula- Uniform mesh simula-

tion tion
Simulation time 240 240
Number of cells 200-560 1000
Re-meshing time step 0.05s not applicable
Time order integration 1 1
Space order integration 1 1
CFL 0.99 0.99

TABLE: Numerical parameters

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry 20/ 22



TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform) —nh (adaptive) l—7

-0.2+
-0.4+

time t

-0.6
-0.8+

0 20 40 60 80
x[m]
(a) £ =55.03
FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a

uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform) —nh (adaptive) l—7

0.2}

time ¢

-0.2+
-0.4+
-0.6
-0.8+

0 20 40 60 80
x[m]
(a) = 66.53
FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a

uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform) —nh (adaptive) l—Z

0.2}
0F

time ¢

-0.2+
-0.4+
-0.6
-0.8+

0 20 40 60 80
z[m]
(a) £=69.13
FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a

uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform)—h (adaptive) l—Z
0.2+ ?Pé ﬂ 1
0OF
e
o 0.2t
B o4
=
-0.6 +
-0.8+
1 . . .
0 20 40 60 80
z[m]
(a) T = 70.68

FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a
uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform) —nh (adaptive) 1—7

0.2 ]
o-—H_aeM
T4
o 0.2
g -0.4
+
0.6
08
-1 . . .
0 20 40 60 80
z[m]
(a) t=176.33

FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a
uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

O Exp.——h (uniform) —h (adaptive) 1l—7

0.2
0
T4
o 02
g -0.4
+
-0.6
-0.8
-1 . . .
0 20 40 60 80
zm]
(a) £=125.03

FIGURE: Surface profiles of solitary wave propagation over an exposed reef crest.
Confrontation of experimental data (blue circles) to numerical data computed on a
uniform grid (solid green line) and on an adaptive grid (solid red lines). The solid cyan
line represents the mesh level and the black one the bathymetry
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TEST CASE I : SOLITARY WAVE PROPAGA-EF

0.4

M. Ersoy (IMATH)

0.4
——Experiment —— Experiment
——Numerical (uniform) ——Numerical (uniform)
—Numerical (adaptive) 0.3 — Numerical (adaptive)
100 150 200 100 150 200
time ¢ time ¢
(a)  =17.6m (b) £ =50.4m
0.4
—Experiment, —Experiment,
——Numerical (uniform) . ——Numerical (uniform)
—Numerical (adaptive) 0.3 — Numerical (adaptive)
0.2
sle
0.1
0
0.1
100 150 200 100 150 200
time ¢ time ¢
(c) x =58.1m (d) z =65.2m

AMR



TEST CASE I : SOLITARY WAVE PROPAGATION OVER A TWO DIMENSIONAL REEF

0.07 1200
Threshold Adaptive mesh e
0.06 Sy — Uniform mesh —
1000
0.05 @
)
oo < 800
g
0.03 g 600
0.02 Z
400
001
03080 100 120 140 160 180 200 220 20076550 100 120 140 160 180 200 220

time T

(a) Threshold

time T

(b) Number of cells

FIGURE: Time evolution of the mesh refinement threshold and the number of cells : 95 s

against 210 s

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry
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o

0 5 10 15 20 25 30 35 40 45

FIGURE: Experimental settings

Kévin Pons, Mehmet Ersoy, Frédéric Golay, Richard Marcer. Adaptive mesh refinement method. Part 2 : Application to tsunamis propagation.

Lynett, P.J., Swigler, D., Son, S., Bryant, D., Socolofsky, S. : Experimental study of solitary wave evolution o




TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF
Adaptive mesh simula- Uniform mesh simula-
tion tion

Simulation time 30s 30s

Number of blocks 128 128

Number of cells 7 500-25 000 33 000
Re-meshing time step 0.25s not applicable
Time order integration 2 2

Space order integration 2 2

CFL 0.5 0.5

TABLE: Numerical parameters
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TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF

(a) t=0.5s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF

(a) t=2.5s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF

(a) t=5.75s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF

(a) t=23.75s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE II : SOLITARY WAVE PROPAGATION

SHELF
0.4 T 0.45 T
035 . Expeflmem 04 ) Expe{lmenl
03 Numerical (uniform) ——— 035 Numerical (uniform) ———

Numerical (adaptive)

Numerical (adaptive)

510 15 20 25 30 35 00 1015 20 25 30 35
time [s] time [s]
(a) WG2 results (b) WG4 results
02 025
Experiment s Experiment s—
Numerical (uniform) ——— 02 Numerical (uniform) ———
0.15 Numerical (adaptive) Numerical (adaptive)
- —~0.15
£ £
01
g g 0.1
5 5
20.05 30.05
8 8
%) =

-0.05

=)

o
=
X

5 10 15 20 25 30 S5
time [s]

-0.1

10 15 20 25 30 S5
time [s]

c) WG6 results d) WG7 results
M. Ersoy (IMATH) AMR

2017, 17 February, LAMA — Chambéry
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TEST CASE II : SOLITARY WAVE PROPAGATION OVER AN IRREGULAR 3-D SHALLOW

SHELF

0.02
0.018
0.016
0.014
0.012

3 0.01
0.008
0.006
0.004
0.002

0

Threshold
S

m

10

15

20 25 30
time [s]

(a) Threshold

35

40

4

Number of cells

40000
35000
30000

25000

53
(=3
(=3
(=3
=3

15000
10000
5000

Adaptive mesh
Uniform mesh

5

10 15 20 25 30 35 40 45
time [s]

(b) Number of cells

F1GURE: Time evolution of the mesh refinement threshold and the number of cells
speed up the computation by 2.5 time
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TEST CcASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

250
%, 140m apart
13625 from the wavepaddle
L 4000 2500 | 2625 3500
125 | : | L 2300 . 2625 ' |
I P Y ter  250] e —
3 B F 0 1050| wiate ‘ 750125 1135 50
B 2 B K | P the model
£ - . B solid
0 125 250 375 UNIT o
cm
(a) Top view (b) Side view

FIGURE: Settings

@ Kévin Pons, Mehmet Ersoy, Frédéric Golay, Richard Marcer. Adaptive mesh refinement method. Part 2 : Application to tsunamis propagation
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TEST CASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

Adaptive mesh simula-

Uniform mesh simula-

tion tion
Simulation time 30s 30s
Number of blocks 240 240
Number of cells 8 000-40 000 62 000
Re-meshing time step 0.25s not applicable
Time order integration 2 2
Space order integration 1 1
CFL 0.5 0.5

TABLE: Numerical parameters

M. Ersoy (IMATH) AMR 2017, 17 February, LAMA — Chambéry
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TEST CcASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL
MONAI-WALLEY BEACH

w7318
-54.89
3659
-18.30
6000

(a) t=11.25s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

m 240.8
1806
1204
- 60.19
o000

(a) t=13.25s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CcASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

w3516
2637
-175.8

- 87.90
o 0000

(a)t=16s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CcASE III : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

(a) t=175s

FIGURE: Numerical water height (coloration is issue from the kinetic energy)
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TEST CASE III : TSUNAMI RUNUP ONTO A

MONAI-WALLEY BEACH

COMPLEX THREE DIMENSIONAL

7 7
Experiment [— Experiment [—
6 I Numerical (uniform) —_ 6 ' Numerical (uniform) —_—
5 PNumerical (adaptive) — __ 5 [Numerical (adaptive) —
E E
54 54
g 3
£ 3 £ 3
Za 22
H H
£1 £
0 0
-1 -1
5 10 15 20 25 30 5 10 15 20 25
time [s] time [s]
(a) Gauge 1 (b) Gauge 2
7
Experiment —_—
6 [Numerical (uniform) —
__ 5 [Numerical (adaptive) e
£
5S4
R
e
£
0
-1
5 10 15 20 25 30
time [s]
(c) Gauge 3

FI1GURE: Free surface results at different positions : experimental data versus numerical
simulation with and without mesh adaptivity
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TEST cASE IIT : TSUNAMI RUNUP ONTO A COMPLEX THREE DIMENSIONAL

MONAI-WALLEY BEACH

0.0002

0.00015

3 0.0001

5x107

Threshold _

S —_—

m

10

15 20 25
time [s]

(a) Threshold

70000
60000
50000
40000
30000

Number of cells

20000
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F1GURE: Time evolution of the mesh refinement threshold and the number of cells
speed up the computation by 3 time
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EXAMPLE

Let us consider the transport equation :
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EXAMPLE

Let us consider the transport equation :

wr+w,; = 0
w(0,2) = wo(z)
and the Godunov scheme :
wk+1 = wy — - (wZ = wk71)

n—+1 o
Sk =

with s(w) = w? and ¥ (w) = w?
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EXAMPLE

Let us consider the transport equation :

wr+w,; = 0
w(0,2) = wo(z)
and the Godunov scheme :
wk+1 = Wi — - (wk _wk71)
et SRt —s(up) | Y(s(uR) ~ (o)
t ot ox

with s(w) = w? and ¥ (w) = w?

Substituting wy ! into SPT, we get

D) 2
S,?H:s(%) é()withs:éx(l—g—i>>0.
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TIME RESTRICTION
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o Explicit adaptive schemes : time consuming due to the restriction
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TIME RESTRICTION, LOCAL TIME STEPPING APPROACH

o Explicit adaptive schemes : time consuming due t
. - f

o the reéfrig,tion '
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TIME RESTRICTION, LOCAL TIME STEPPING APPROACH & AIMS

o Explicit adaptive schemes : time consuming due to the restriction

ot
£ = = mi
|Jw]| - I~ h mklnh;c

o Local time stepping algorithm : save the cpu-time

> Sort cells in groups w.r.t. to their level
» Update the cells following the local time stepping algorithm.

@ Muller S., Stiriba ., Fully adaptive multiscale schemes for conservation laws employing locally varying time stepping. SIAM J. Sci. Comput.,
30(3) :493 7531, 2007.
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ILLUSTRATION
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LOCAL TIME STEPPING ALGORITHM

foreach i € {1,2"} do ‘

Let j be the biggest integer such that 27 divides 4

foreach interface x4 /5 such that Ly 1,2 > N — j do
© compute the integral of Fj;/2(t) on the time interval 2™ ~“x+1/25¢,,,
Q distribute Fj, 11 /5(t,) to the two adjacent cells,
@ update only the cells of level greater than N — j.

end
end
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SHU AND OSHER TEST CASE

Mesh coarsening parameter « 0. 001

Mesh refinement parameter S

CFL 0.219,

Simulation time (s) 0.18,

Initial number of cells 500,

Maximum level of mesh refinement SOk
2 —‘ 4

i 02 0 05 08 A 2 0z ) o5 ca i
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EFFICIENCY OF THE LOCAL TIME STEPPING METHOD

| P [llp—preslln | cpu-time | Ny | maximum number of cells
AB1 [0.288 ] 47410 181 1574 2308
AB1M | 0.288 4.8010 2 120 1572 2314

TABLE: Shu and Osher test case : comparison of numerical schemes of order 1
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| P [llp—preslln | cpu-time | Ny | maximum number of cells
BB 0288 | M 1072 181 1574 2308
ABIM | 0.288 | 4.8010 ° 120 1572 2314
AB2 0287 ] 27510°° | 170 | 1391 | 2023

TABLE: Shu and Osher test case : comparison of numerical schemes of order 1 and 2
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| P [llp—preslln | cpu-time | Ny | maximum number of cells
AB1 0288 | 4.741072 181 1574 2308
ABIM | 0.288 | 4.8010 2 120 1572 2314
AB2 0.287 | 2.75005% 170 1391 2023
AB2M | 0.286 | 27410 % 108 1357 1994

TABLE: Shu and Osher test case : comparison of numerical schemes of order 1 and 2
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| P [llp—preslln | cpu-time | Ny | maximum number of cells
AB1 0288 | 474102 181 1574 2308
ABIM | 0.288 | 4.8010° 120 1572 2314
AB2 0.287 | 2. 751055 170 1391 2023
AB2M | 0.286 | 27410 % 108 1357 1994
RK2 0.285 | 2.0810 ° 299 1375 2005

TABLE: Shu and Osher test case : comparison of numerical schemes of order 1 and 2

@ M. Ersoy, F. Golay, L. Yushchenko. Adaptive multi-scale scheme based on numerical entropy production for conservation laws. CEJM, Central
European Journal of Mathematics, 11(8), pp 1392-1415, 2013
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|

P

| lp = pregllin | cpu-time [ Ni . [ maximum number of cells

AB1 0288 | 4.741072 181 1574 2308
ABIM | 0.288 | 4.8010 2 120 1572 2314
AB2 0287 | 275102 170 1391 2023
AB2M | 0286 | 2741072 108 1357 1994
RK2 0.285 | 2.0810 2 2909 1375 2005

TABLE: Shu and Osher test case : comparison of numerical schemes of order 1 and 2

@ M. Ersoy, F. Golay, L. Yushchenko. Adaptive multi-scale scheme based on numerical entropy production for conservation laws. CEJM, Central
European Journal of Mathematics, 11(8), pp 1392-1415, 2013.
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REFERENCE SOLUTION& NUMERICAL RESULTS

Freads
Entepy pondion ——

o 0 o 0
o %7 o4 o5 o8 o %2 04 06 o8

(a) Density and numerical density of en-
tropy production.
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X

(b) Zoom on oscillating region.

F1GURE: Shu and Osher test case.
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

\

“

o Main difficulty : mesh and data structure.
For fast compu‘tatlon the followlng are requnr
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

e Main difficulty : mesh and data structure.
Some interesting issues :
» 2D quad-tree [1],
» 3D octree [2],
» 2/3D anisotropic AMR [3].

)

Zhang, M., and W.M. Wu. 2011. A two dii ional hydrod, ic and sedil transport model for dam break based on finite volume method

with quadtree grid. Applied Ocean Research 33 (4) : 297 — 308.

Losasso, F., F. Gibou, and R. Fedkiw. 2004. Simulating Water and Smoke with an Octree Data Structure. ACM Trans. Graph. 23 (3) : 457-462,
2004,

Hachem, E., S. Feghali, R. Codina, and T. Coupez. Immersed stress method for fluid structure interaction using anisotropic mesh adaptation.

) @)

International Journal for Numerical Methods in Engineering 94 (9) : 805-825, 2013.
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

“
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o Main difficulty : mesh and data structure.

o The strategy

M. Ersoy (IMATH) AMR



TWO AND THREE DIMENSIONAL CASE : BB-AMR

o Main difficulty : mesh and data structure.

. Y
o The strategy adopted : P -\
\
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

e Main difficulty : mesh and data structure.
o The strategy adopted :

@ 1 domain= 1 block=1 cpu : “failure” — synchronization depends on the finest
domain

@ 1 domain= n x blocks = 1cpu : “good compromise”’ — each domain has
almost the same number number of cells — “better” synchronization
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

e Main difficulty : mesh and data structure.
o The strategy adopted :

@ 1 domain= 1 block=1 cpu : “failure” — synchronization depends on the finest
domain

@ 1 domain= n x blocks = lcpu : “good compromise”’ — each domain has
almost the same number number of cells — “better” synchronization

@ It certainly exists better strategy ...
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TWO AND THREE DIMENSIONAL CASE : BB-AMR

e Main difficulty : mesh and data structure.

@ The strategy adopted :
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DOMAIN= N X BLOCKS = 1CPU

“

How it works ?

-
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e each domain has almost the same number of cells

e TR oL
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering

61 9
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering

316 19
2 e = e
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering

6 |9

M. Ersoy (IMATH) 2017, 17 February, LAMA — Chambéry 22 /22
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells

e domain are defined using Cuthill-McKee numbering
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
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o each domain has almost the same number of cells
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells
@ domain are defined using Cuthill-McKee numbering
@ more sophisticated numbering exists . ..

@ re-numbering and re-meshing being expensive
> the mesh should kept constant on a time interval
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells
@ domain are defined using Cuthill-McKee numbering
@ more sophisticated numbering exists . ..
@ re-numbering and re-meshing being expensive
> the mesh should kept constant on a time interval
» AMR time-step computed through the smallest block and not the smallest cell
Trnt+1 — T, = ATamr is given by the CFL
ming Aplock,

maXg ||ublockk || g

TO T1

[l i sr e SR R
AMR [, MR

ATAmr < 8 0<B<L
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DOMAIN= N X BLOCKS = 1CPU

How it works ?
@ each domain has almost the same number of cells
@ domain are defined using Cuthill-McKee numbering
@ more sophisticated numbering exists . ..
@ re-numbering and re-meshing being expensive
> the mesh should kept constant on a time interval

» AMR time-step computed through the smallest block and not the smallest cell
» Gain is important and numerical stability is conserved !
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EXAMPLES :

@ A two dimensional example of BB-AMR with 3 domains and 9 blocks.

3

(3) AMRT,  (b) AMRT;  (c) AMR T
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EXAMPLES :

@ A two dimensional example of BB-AMR with 3 domains and 9 blocks.

6

3

(f) AMRTy  (g) AMRT;  (h) AMR T

@ A three dimensional example of BB-AMR with 3 domains and 27 blocks.

- . -
/ z: N

(i) Block-based (j) Domain
mesh decomposition
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