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Air entrainment in transient flows in closed pipes

The air entrainment appears in the transient flow in closed pipes not
completely filled: the liquid flow (as well as the air flow) is free surface.
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Some closed pipes

a forced pipe a sewer in Paris

The Orange-Fish Tunnel (in Canada)
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Previous works

@ the homogeneous model: a single fluid is considered where sound
speed depends on the fraction of air
M. H. Chaudhry et al. 1990 and Wylie an Streeter 1993
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The setting

Figure: Geometric characteristics of the domain

We have then the first natural coupling:

Huw(t,x) + Ha(t, x) = 2R(x). @i
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Fluid layer: incompressible Euler's Equations
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Incompressible Euler’s equations

div(Uw) = 0, onRxQ,
0t(Uy) + div(Uy ® Uy) + VP, on R x Q;

I
L

where Uy(t, x,y,z) = (Uw, Vv, Wy ) the velocity , Py (t,x,y, z) the _
pressure , F the gravity strength. @
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Fluid layer model: mean value on ©,,

o A(t,x) :/ dydz: the wetted area,
Qu

@ u the mean value of the speed
u(t,x) = / Uw(t,x,y,z) dydz,

w

A(t, x)
e Q(t,x) = A(t,x)u(t, x) the discharge.
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Fluid layer model: mean value on ©,,

Fluid layer model

OtA+ 0xQ =0

2

9:Q + Ox (Q + AP4(p)/po + gh(x, A)c050> = —gAdZ

+gh(x, A) cos
+Pa(p)/po A

v

g : the gravity constant, 6: the angle

h(x, A) = (hw — 2)0xo(x,z) dz the pressure source term

@[\\'w
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Air Layer : compressible Euler's Equations

Compressible Euler's equations

Otpa + div(paUa) = 0, onRxQ,

Ot(paUa) + div(psUa @ Uy) + VP,

0, onRxQ:,

where U,(t, x,y, z) = (Ua, Va, W,) the velocity , P,(t, x, y, z) the pressure
, pa(t, x,y,z) the density.

Equation of state: isentropic and isothermal

Pa
—,Y

P.(p) = kp? with k = p
a

v is set to 7/5

@[\\'*s'
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Air layer model: mean value on 2,

o A(t,x) = / dydz: the pseudo wetted area,

a

@ v the mean value of the speed
1
t = U,(t dyd '
(05) = g |y, e o) e
e M =75/poA, D= My rescaled air mass and air discharge.

M\t
o 2= glp) = kv (pil > , the air sound speed.
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1
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a
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Air layer model: mean value on 2,

e A(t,x) :/ dydz: the pseudo wetted area,

a

@ v the mean value of the speed
1
t = U,(t dyd '
(05) = g |y, e o) e
e M =75/poA, D= My rescaled air mass and air discharge.

M\t
o 2= glp) = kv <p?4 > , the air sound speed.

Air layer model

D2 M, M,
8tD+8x (W + 7Ca) = 7Ca 8X(A)

@[\\"\'
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The two-layer model

A+ A= S where S = S(x) denotes the pipe section

Two-layer model

( oM+0oD = 0
D> M M
D+0x|—+—c) = 2 A
0¢D + 0 <M+7ca) 7c8(5 )
8tA‘|‘8xQ =0
2 2M
0t Q + O« (Q——l—gll(x A)cosf + A (C;_A)) = —gAdZ
+gh(x,A)cosf
2
cs M
—2——0A
\ E-A )
(\\"\'
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The kinetic setting

(@) = x(~w) >0, /R y(w)dw =1, / Wy(w)dw = 1

R

§ — Uq
(52)

The Gibbs equilibrium is defined by:

A

M (t, x, &) = b—a
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The macroscopic variables

Macroscopic unknowns:

(Aa, Quo, o) = {

o A, :/Ma(t,x,g) de
R
° Qa:/RfMa(t,X,f) d§

Q. o, / 2
o — + baAa - 5 MOé(t7X’§) dé_
Aa R

S. Gerbi (LAMA, UdS, Chambéry) Air entrainment in transient flows Modelling 2009 15 / 31



The kinetic formulation

The kinetic formulation

The couple of functions (A, Q. )is a strong solution of the two-layer
system if and only if M., satisfies the kinetic transport equations:

OtMa 4+ E0x Mo + 0o0: Mo = Ko(t,x,§) fora=aand a =w

for some collision term K, (t, x, &) which satisfies for a.e. (t, x)

/RKadgzo,/RgKadg:o

The function ¢,, is defined by:

e |
b 5= Aaxl(f —A/?) if a=A
_ g2\ %A _ 2 - _
g80xZ — g 2 cos 6 S % OkIn(A) if a=W
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The mesh and discrete unknowns

The mesh
L
X172 Xl—}/’z X [Xi+1/_ N+12
w
m.
hi
n .
Wr. = (A2, Q.), ul ;= A?I . approximation of the mean value of
i

(Aa, Qn) and the velocity u, on m; at time t,,.

n

W.]lm,.(X) approximation of ¢, on m; at time t,

S. Gerbi (LAMA, UdS, Chambéry) Air entrainment in transient flows Modelling 2009 17 / 31



Kinetic level

On [tp, tp+1[ the transport equation becomes:

0 0
af(tax7§) +€ 5

with f(tp, x,&) = M?(&) = M(A?, QF, &)for x € m;

f(t,x,§) =0

Finite Volume Scheme

HE) = MI(E) + 2o € (MG, (6) = M4 (6))

| A\

Discontinuity of the flux at xj, /> due to the jump of ¢,

(\\"\'
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Macroscopic level: integrate on &

L(8) o =mao+ geet - M @) o

f"1(€) is not a Gibbs Equilibrium

n+1
Uin+1 _ < gl:,,+1 )déf/R( ; ) f}n+l(§) dg

—— M defined without using the collision kernel

(\\"\'
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The kinetic scheme

At +
Ax (F'+ F’ )

re = fe((8) Mty

Un+1 Un

with:

@[\\'w
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The kinetic scheme

At
n+1 _ n F- F+
Ut = U + o (Fry = F)

re = fe((8) Mty

What about the kinetic fluxes M,-i;(f) ?
2

with:

@[\\'*s'

S. Gerbi (LAMA, UdS, Chambéry) Air entrainment in transient flows Modelling 2009 20 /31



The generalised characteristics

Generalised characteristics method in the plane (x,&) on the equation:
OtMa 4+ E0x Mo + 0a0: Mo = Ko(t,x,§) fora=aand a =w

At the interface x; 1 />.

_@ In <(?5__A/I4+)1)> if a=a
Adyiv12 = __
M\ 1 :
g(Zi+]_ — Z;) — <S — A) ; In(A,-+1/A,-) if a=w

Nonconservative product at the interface : f(x, W)W ~ f(Wiyq — W;)

1
f= / f(X,-+1/2, ®(s, Wi, Wit1)) ds @ the characteristics line
0 @I\i JRS]]
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A¢q i+1/2: jump condition for a particle with the kinetic speed £ which is

necessary to:

o be reflected: the particle has not enough kinetic energy £2/2 to

overpass the potential barrer with potential energy Ad¢,,

@ overpass the potential barer with a positive speed,
@ overpass the potential barer with a negative speed,

Reflection & Transmission

—*
o F
&
X
[ e =
YT TRy N N ——

4 g X
VBaiiis —————

G—A

tnt1

—— Reflection
- Positive transmission
———— Negative transmission

Reflection zone

(\\'*\'



The kinetic fluxes

Expression of M~ ,
I+3

positive transmission reflection

;’,'_;_1/2(5) = 1{£>0}Mg,i(§) +]l{§<0,§2—2gA¢a7,4+1/2<0}Mgt7i(_£)

t Liecoe-2g00, 1,50} Maitt (‘\/ &2 — 28Adq 1412

negative transmission

(\\'*\'
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The kinetic fluxes

Expression of Ml.tl
2

negative transmission reflection
+ _ n . n
Ma,i+1/2(§) = LgecoyMa,ir1(6) + ]l{§>0,£2+2gA¢&,,-+1/2<0}Moz,i+1(_5

+ Lresoe12g06, 10050 Mai (\/ &+ 2gA¢a,i+1/2)

positive transmission
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We choose:
1
X@) =521 vav3(@)

Properties of the kinetic scheme

We assume a CFL condition. Then

@ the kinetic scheme keeps the wetted area A . positive,

@ the kinetic scheme preserves the still water/air steady state,
@ Drying and flooding are treated.

@( NIVERST
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Upstream and Downstream

Horizontal circular pipe: L=100m D =2 m.

Inital steady state: @, =0 m3/s and y,, = 0.2 m.

Upstream water height is increasing in 25 s at y,, = 0.4 m

At downstream and upstream :

pa = 1.29349 kg/m?3 or 1.29349 10~2 kg/m3 and Q, = 0m3/s

in

Discharge (m’ss)
Piczometric head (m)

] 20 40 60 B0 1ot 0 20 40 60 ) 1ot
time (=) time (=)

(a) Downstream Air and Water discharge (b) Upstream Water piezomeric head

@I\i"\'
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Piezomeric head for p, = 1.29349 1

~2 kg/m? at the middle of the pipe

Piezometric head (m)

07
0.65
06
0.55
0.s
0.45
04
0.35
03
0.25
02

0.15

-

|

I

Picrometric head (m)

0

—
0 B0

20 10 60
time (s

(c) single fluid

0.7

0.65 1

08 [
0.55 |

05 |
0.45 |

04 _—

0.35
0.3

0.25 ,‘
02

0.15

o
) 20 40 60 RO
time (s)

(d) Piezometric head of water

16e-08

1.5¢-08

Lae-08

13e-08

Alr pressure (atm)

1.2¢-08

Lle-08
—

Ve

le-08 ] 6]

40

time (s)

60 80 1o

(e) Air pressure

0
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Piezomeric head for p, = 1.29349 kg/m?* at the middle of the pipe

Piezometric head (m)
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All'in 1

o Single fluid
o p,=129349 102 kg/m?

° p, = 1.29349 kg/m3
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@ Easy scheme even if the two-layer system is not hyperbolic

@ Good properties : total entropy, well-balanced.

@[\\'w
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Conclusion

@ Easy scheme even if the two-layer system is not hyperbolic
@ Good properties : total entropy, well-balanced.

@ Air entrapment and mixed flows

o Condensation/Evaporation

A\

l\\"\'
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Thank you for your attention

@[\\'*s'
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