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OUTLINE _
O

@ MATHEMATICAL AND PHYSICAL BACKGROUND




CONTEXT : COMPR

o Navier-Stokes equations on Q = {(x,y) €




(x,y) ERZxR; H < L}

o Navier-Stokes equations on = {(x,y

| [Ped]

e Hydrostatic approximation (¢ = H/L = W/V « 1) — Primitive equations

J. Pedlowski

Geophysical Fluid Dynamics.
2nd Edition, Springer-Verlag, New-York, 1987.

N



CONTEXT : COMPRESSI_‘
on Q= {(x,y) e R*xR;H < L}

o Navier-Stokes equations

1 [Ped]

e Hydrostatic approximation (¢ = H/L = W/V <« 1) — Primitive equations

| [EP14]

o Averaged Primitive Equations wr to y — Pressurized model

J. Pedlowski

Geophysical Fluid Dynamics.
2nd Edition, Springer-Verlag, New-York, 1987.

M. Ersoy

A pressurized model for compressible pipe flow.
Submitted, 2014

M. Ersoy (IMATH)



@ Dynamic :




@ Dynamic :
» Compressible fluid

e Modeling (neglecting phenomena such as the evaporation and solar heating) :
Compressible Navier-Stokes equations

d
—p+pdvU = 0
dtd
9 (pv) +div(pUv) +9yp(p) = — pg+divy(oy)
plp) = p
with U = (u,v), % =0y +u-V,+v0y, 0:=2X.D(U) + Adiv(U)

M. Ersoy (IMATH)



@ Dynamic :
> Compressible fluid
» vertical scale < horizontal scale

e Modeling (neglecting phenomena such as the evaporation and solar heating) :
Compressible Navier-Stokes equations

Hydrostatic approximation — Compressible Primitive Equations (CPEs)

d

—p+pdvU = 0

dtd

p%u +Vep = divg(oz)+ f
9e(pv) +div(pUv) + 9yp(p) = — pg+divy(oy)

plp) = &p

M. Ersoy (IMATH)



@ Dynamic :
> Compressible fluid
» vertical scale < horizontal scale

e Modeling (neglecting phenomena such as the evaporation and solar heating) :
Compressible Navier-Stokes equations

Hydrostatic approximation — Compressible Primitive Equations (CPEs)

d

—p+pdvU = 0

dtd

p%u—i—vxp = divg(oz)+ f
oyp(p) = PR
plp) = cp

M. Ersoy (IMATH)



ATMOSPHERE DYNAMIC : -

@ Dynamic :
» Compressible fluid
» vertical scale < horizontal scale
» Stratified density
p - f(t’ "L')eig/CQy

e Modeling (neglecting phenomena such as the evaporation and solar heating) :
Compressible Navier-Stokes equations
Hydrostatic approximation — Compressible Primitive Equations (CPEs)

d
—p+pdvU = 0
dtd
oyp(p) = PR
plp) = cp

M. Ersoy and T. Ngom

Existence of a global weak solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012

M. Ersoy, T. Ngom and M. Sy
Compressible primitive equations : formal derivation and stability of weak solutions. ’
Nonlinearity, 24(1), pp 79-96, 2011

M. Ersoy (IMATH) CPEs




o Atmosphere modeling (left : density, right : velocity field)
B .

e Pipe flow modeling (left : velocity profile in a “horse shoe” pipe, right :
piezometric line)

M. Ersoy (IMATH)
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O A GLOBAL EXISTENCE RESULT




THE TWO-DIMENSIONAL
Let us consider the equations on Q = {(z,y); ,

Op + 0z(pu) + 9y(pv) = 0
B (pu) + 9z (pu?) + 9y(puv) + Fop = 0u(na(t, x,y)0pu)
+0y (va(t, z,y)0yu)
Fop = —pyg

with the following boundary conditions :
Ugz=0 = Ujp=| = 0, Vjy=0 = Vly=h = 0, 8yl.l|y:0 = Byuly:h =0
and the initial data

u|t:0(x,y) = UO(x7y)7 p\t:O(‘Z‘? y) = €O(x)e_g/62y7With 0<m < 50 < M < oo

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs




THE TWO-DIMENSIONAL P
Let us consider the equations on Q = {(z,y); ,

Oip+ Oz(pu) +0y(pv) = 0
B (pu) + 9z (pu?) + 9y(puv) + Fop = 0u(na(t, x,y)0pu)
+0, (v2(t, x, y)Oyu)
Fop = —pyg

with the following boundary conditions :
U= = U= =0, vjy=0 =vjy=p =0, 8yu|y:0 =0yu, ), = 0
and the initial data
Upmo(2,9) = uo(T,y),  prol(@,y) = &o(2)e /Y with 0<m <& < M < 0o
keeping in mind the stratified structure of p = £(t, m)e‘9/62y and

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.

C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012 ‘

M. Ersoy (IMATH) CPEs




THE TWO-DIMENSIONAL PR
Let us consider the equations on @ = {(z,y); 0<z <[, 0<y <

Oup+ 0upw) + Dy (pv) = 0
B (pu) + 9z (pu?) + 9y(puv) + Fop = Ou(vi(t, x,y)0pu)
+0, (v2(t, x, y)Oyu)
Fop = —pyg

with the following boundary conditions :
Up—o = U= = 0, Vjy—0 =vjy=n =0, Jyu, _,=0yu _, =0
and the initial data
w=o(z,y) = uo(.y), pli=o(®,y) = fola)e /Y, with 0 <m <& <M < oo
keeping in mind the stratified structure of p = £(t, x)e‘g/c2y and assume

__ _s 5 [ 2
vi(t,z,y) =v1e” Y, n(t,z,y) =me??, with (71,77) € RY .
M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012 o

M. Ersoy (IMATH) CPEs Toulon, April 16, 2014 8 /20



Multiplying the previous equations by , :
00 (€) + 0, (€w) + e2/v0, (¢ 9/710) = 0
0 (6u) + 0, (6u?) + /<10, (e 70) + 20, (€) = Ou(FrOLu)+
eg/Cany (V—Qeg/czyg

%0, (ge—g/CQy) — g9/

setting

2
Q@ w=c 9y

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH)




A USEFUL CHANGE OF

Multiplying the previous equaW

0 (€) + 0y (§u) +¢7/“V0, (§w) = 0
9 (§u) + 0, (£u2) + eg/C2yay (fuw) + 28, (§) = 0p(T10,u)+
eg/czyay (V—zeg/czyayu)

028y (fe—g/02y> _ —fe_g/°2yg

setting
Q@ w=e9Yy

2
(2] eg/czyay =0, with z =1 — S 9/

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.



A USEFUL CHANGE OF Vi
Multiplying the previous equations by , :

0y (6) + 0y (Eu) + 0. (w) = 0
Oy (€u) + 0, (u?) 4 0. (uw) + *0, (§) = 0p(T1O,u)+
0, (720,u)
0.6 = 0

setting
Q@ w=e9Yy

2
o eg/czyay = 0. with z =1 — S 9/

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.



A USEFUL CHANGE OF VA
Finally, we get a simplified compressible primitive mode on

Q= {(z,2); 0<x<l,(_):1—02/g<y<H:1—02/ge_g/czh}

04 (§) + 0z (Eu) + 0. (w)
0 (Eu) + 0, (€u?) + 0. (Suw) + ¢*0, (€)

0
0 (TT0,u)+

9. (730.u)
8.6 = 0

with the following boundary conditions :
Uz=0 = Ujzg=] = 0, W)z=p = W|z=H = 0, 8zu|z=6 = azu|z=H =0
and the initial data

Up—o(z,2) = uo(z,2), E=o(x) =&(x),with 0<m <& <M <oo.

N. E. Kochin

On simplification of the equations of hydromechanics in the case of the general circulation of the atmosphere.

Trudy, Glavn. Geofiz. Observator., 4 :21-45, 1936 ’

M. Ersoy (IMATH) CPEs




oAssumec2:g:h:1,

1 H
@ note u = E/o u(t,z,z)dz,

@ note & for £H and vy for 7 H

then the averaged (SCP) (ASCP) system becomes

{ 2,(6) +0.(6) = 0
Or(68) + 0, (6(u?)) + 0,(c%€) = 0, (770,u)

using the boundary conditions :

Ug—0 =Up=; =0, W,—g=w.=g =0, 0,5 =0u,_g=0

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.

C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012. ‘

M. Ersoy (IMATH) CPEs




oAssumec2:g:h:1,

1 H
@ note u = E/o u(t,z,z)dz,

@ note & for £H and vy for 7 H

H
e mean-oscillation u = U + u with / udz =0
0
then the averaged (SCP) (ASCP) system becomes

{ 0,(6) +0.(cu) = 0
0,(68) + 0, (E(07)) + 0,(%€) = D,(7i0,0)

using the boundary conditions :

Ug—0 =Up=; =0, W, =wo=g =0, 0,5 =0u,_g=0

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.

C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012. -

M. Ersoy (IMATH) CPEs




o Assume ¢ =g=h=1,
1 rH
@ note u = E/o u(t,z,z)dz,
@ note & for £H and vy for 7 H
H
@ mean-oscillation u = u + u with / udz =0
0

then the averaged (SCP) (ASCP) system becomes

{ 9(&) + 0:(6u) = 0
0y(&0) + 0,(60%) + 0u(*¢ + Ep(0)) = 0,(710,u)

H
with ¢(f) :/0 f2dz.

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs




o multiplying the SCP model by H (using the previous notations)

the SCP system becomes

(&) + 05(§u) + 0.(Ew) = O
875(5“) + aw(§u2) + 82(5‘””) + 62(025) = D
2:(§) = 0

with D = 9, (770,u) + 0, (720,u)

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.




o multiplying the SCP model by H (using the previous notations)

@ inserting u = u + u in the SCP model

the SCP system becomes

(&) + 05(§u) + 0.(§w) = O
875(5“) + aw(§u2) + 82(5'-””) + 62(025) = D
2:(§) = 0

with D = 9, (710,u) + 0, (720, u)

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs



o multiplying the SCP model by H (using the previous notations)
@ inserting u =u + u in the SCP model

the SCP system becomes

@+(U+M@+MW)=0
O (£U) + 0y (€0) + 0, (€02) + 0, (€(2uu + 1?)) 4 9, (Euw) + D, éczg = é)

with D = 8, (770, 1) + 0, (770,11) + 0, (730.10)

M. Ersoy and T. Ngom
Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs




o multiplying the SCP model by H (using the previous notations)
@ inserting u =u + u in the SCP model
@ keeping in mind the ASCP model

the SCP system becomes

O (£u) + 9y (€0) + 0, (£0%) + 0, (£(200 + 1)) + 0. (Euw) + 0, (c*€)

3
aZ (g) =

I
oo

with D = 0, (710,u) + 0, (770,u) + 0,(720,u)  where

0¢(€W) + 05 (€6%) + 05(c*€) — 0:(710,U) = — 0 (E(W))

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs




o multiplying the SCP model by H (using the previous notations)
@ inserting u =u + u in the SCP model
@ keeping in mind the ASCP model

the SCP system becomes

0 (§0) + 0 (§w)
0e(&0) + 0, (€(200 + %)) — 05 (Ep(W)) + 0= (Euw)
9:(£)

|
oo

with D = 8, (710,81) + 0, (730, 1))

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs



o multiplying the SCP model by H (using the previous notations)
@ inserting u =u + u in the SCP model
@ keeping in mind the ASCP model

the SCP system becomes
9x(&u) + 9:(§w)

0e(&0) + 0, (€(200 + %)) — 05 (Ep(W)) + 0= (Euw)
82(6)

I
oo

with D = 0,(710,u) + 0.(720,u) i.e.
0,(60) + 0, (&(200 + 0%) — £p(U)) + 0. (buw) = D
with w = 2/0H O, (&u)dz .

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs




FINALLY,
Formally, solving the SCP model is then equi o:

e Given uy, find (£,u) := T3 (u;) such that

{ 81& (5) + ax (fﬁ)
Oy (£U) + 0,(60%) + 0. (PE+ Ep(0) = 0,(v10,u)

I
o

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.




Formally, solving the SCP model is then equivalen iX point to :

e Given uy, find (£,u) := T3 (u;) such that

{ 04(§) + 0-(&u) 0
Oy (£U) + 0,(60%) + 0. (PE+ Ep(0) = 0,(v10,u)

e Given (&,u), find uy = T»(£,u) such that

By (£0) + 0, (€200 + 0°) — L)) + 8. (Cuw) =  0,(770,0) + 0. (70.1)

M. Ersoy and T. Ngom

Existence of a global solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. I, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012.

M. Ersoy (IMATH) CPEs



SCHAUDER FIX POINT

Following [GKO05] (suitable a priori estimates for u (hence for u) and £ bounded),
one can define the space

K =A{f; Ifllez0r,m@) <k <oo}

B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005.

S.N. A and A. V. Kazhikhov and V. N. Monakh

Boundary value problems of b fluid h

Studies in Mathematics and its Applications,North-Holland Publishing Co., Amsterdam, 1983.




Following [GKO05] (suitable a priori estimates for u (hence for u) and £ bounded),
one can define the space

K= {f§ I flle20,1,m1 () < k< 00}
such that

e providing u; € K, one can construct (£,u) such that 73 (u;) = (£, ) (see
[AKMS3]),

B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005.

S. N. Antontsev and A. V. Kazhikhov and V. N. Monakhov
Boundary value problems of b fluid h
Studies in Mathematics and its Applications,North-Holland Publishing Co., Amsterdam, 1983

M. Ersoy (IMATH)



SCHAUDER FIX POINT -

Following [GKO05] (suitable a priori estimates for u (hence for u) and £ bounded),
one can define the space

K =A{f; Ifllez0r,m@) <k <oo}

e providing u; € K, one can construct (£,u) such that 73 (u;) = (£, ) (see
[AKMS3]),

e providing (£,u), one can construct uz € K such that T3(¢,u) = us € K.

B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005.

S. N. Antontsev and A. V. Kazhikhov and V. N. M.

Boundary value problems of b fluid
Studies in Mathematics and its Applications,North-Holland Publishing Co., Amsterdam, 1983,

M. Ersoy (IMATH)



SCHAUDER FIX POINT -

Following [GKO05] (suitable a priori estimates for u (hence for u) and £ bounded),
one can define the space

K =A{f; Ifllez0r,m@) <k <oo}

e providing u; € K, one can construct (£,u) such that 73 (u;) = (£, ) (see
[AKMS3]),

e providing (£,u), one can construct us € K such that 72(¢,u) =us € K.

As a consequence, the operator T' = T o T} has at least one fixed point
(Schauder fixed point theorem).

ﬁ B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005

ﬁ S. N. Antontsev and A. V. Kazhikhov and V. N. Monakhov

Boundary value problems of b fluid hani
Studies in Mathematics and its Applications,North-Holland Publishing Co., Amsterdam, 1983,

M. Ersoy (IMATH) CPEs Toulon, April 16, 2014 13 /20



MORE PRECISELY

DEFINITION

let us define (&, u,w) a weak solution of the SCP equations (i.e. satisfying SCPE
in the distribution sense) such that

€€ L>(0,T; H' (0, H)), 0:& € L*(0,T;L?(0,H))

ue L0, T; HX(Q)) N HY(0,T; L*(Q)), w € L*(0,T;L*(Q)) .

B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005.

M. Ersoy (IMATH) CPEs



MORE PRECISELY -
Following [GKO05],
DEFINITION

let us define (&, u,w) a weak solution of the SCP equations (i.e. satisfying SCPE
in the distribution sense) such that

€€ L=(0,T; H'(0, H)), 9, € L*(0,T; L*(0, H))

uc L*(0,T; H*(Q)) N HY(0,T; L*(Q)), w € L*(0,T;L*()) .

Then,

THEOREM

For every (£, uq), there exists a weak solution to SCP
where £ is a bounded strictly positive function.

ﬁ B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005

M. Ersoy (IMATH) CPEs Toulon, April 16, 2014 14 /20



MORE PRECISELY -
Following [GKO05],
DEFINITION

let us define (&, u, w) a weak solution of the SCP equations (i.e. satisfying CPE in
the distribution sense) such that

p€LX(0,T;H'(), 8ipe L*0,T; L*(2))

uc L?(0,T; H*(Q)) N HY(0,T; L*(Q)), v € L*(0,T;L*()) .

Then,

THEOREM

For every (po = &oe™Y,ug), there exists a weak solution to SCP and therefore to
the CP equations where p is a bounded strictly positive function.

B. V. Gatapov and A. V. Kazhikhov

Existence of a global solution to one model problem of atmosphere dynamics.
Siberian Mathematical Journal, 46(5), pp 805-812, 2005

ﬁ M. Ersoy and T. Ngom
Existence of a global weak solution to a Compressible Primitive Equations.
C. R. Acad. Sci. Paris, Ser. |, http ://dx.doi.org/10.1016/j.crma.2012.04.013, 2012

M. Ersoy (IMATH) CPEs Toulon, April 16, 2014 14 /20



OUTLINE _
ONLITTAE

© A QUICK NUMERICAL COMPUTATION

-



o t"T1 =¢" 4 5t be the discrete time with 8t be the time step,
d
o U = (u,w)" and a:8t+U-V.
Let us write the SCP equations as follows :

d

96 = ) 1)
edu = 0.0+ D @)
0.() = 0 G

with
D = 9, (710u) 4 0,(770,u)

M. Ersoy (IMATH)



NUMERICAL APPROXIM.>

o t"T1 =¢" 4 5t be the discrete time with 8t be the time step,
d
o U = (u,w)" and a=3t+U'V-
Let us write the SCP equations as follows :

d

G6 = —edu(D) 1)
du = 0.9+ D @
0.6) = 0 ()

with
D = 9, (710u) 4 0,(770,u)

and remark that using (3) with (1), one has

Doty — —%az(gazu)

M. Ersoy (IMATH)



o t"T1 =¢" 4 5t be the discrete time with 8t be the time step,
d
o U = (u,w)" and 7 =0, +U-V.

Given £" and u™ at time t", one can approximate equations as follows :

d,,w" = —éinam(é“"f)zu")
§n+1 _ gn o X™ B . .
5t = =¢Mdiv(U™)
utl —yn o Xn

o _l 2en n
5 = —& (0’ + D7)
with

D = 9,(770,u) 4+ 0,(770,u) and %X =U

which can easily implemented in a FreeFem++ ? code.

a. http://wuw.freefem.org/ff++/

M. Ersoy (IMATH)


http://www.freefem.org/ff++/

numerical parameters :

H=1/2,g=c¢=1,6t =0.05,Ty =2,5,77 =3 = 1,up(x,2) = zz

density £ (top left), density p (top right), divergence div(pU) (bottom left),
velocity field U (bottom right),

M. Ersoy (IMATH) CPEs




OUTLINE _
ONLITTAE

o CONCLUDING REMARKS AND PERSPECTIVES

-



@ uniqueness of the 2D problem ?

M. Ersoy (IMATH)



@ uniqueness of the 2D problem ?
@ existence and uniqueness of the 3D problem ?

M. Ersoy (IMATH)



@ uniqueness of the 2D problem ?
@ existence and uniqueness of the 3D problem ?

@Partially @ [ENS11]

M. Ersoy, T. Ngom, M.Sy
Compressible primitive equations : formal derivation and stability of weak solutions.
Nonlinearity, 46(5), 24(1), pp 79-96, 2011.




uniqueness of the 2D problem ?
existence and uniqueness of the 3D problem ?

@Partially @ [ENS11]
what happens in the case p(p) = p”,y # 17

M. Ersoy, T. Ngom, M.Sy
Compressible primitive equations : formal derivation and stability of weak solutions.
Nonlinearity, 46(5), 24(1), pp 79-96, 2011.

M. Ersoy (IMATH)
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